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Color effects in a near-threshold Schmitt trigger

F. Marchesoni
Dipartimento di Fisica, Universitali Camerino,
and Istituto Nazionale di Fisica della Materia, 1-62032 Camerino, Italy

F. Apostolico, L. Gammaitoni, and S. Santucci
Dipartimento di Fisica, Universitali Perugia
and Istituto Nazionale di Fisica della Materia, I-06100 Perugia, Italy
(Received 7 April 1998; revised manuscript received 21 July 1998

A symmetric Schmitt trigger pumped by both a colored noise and a periodic signal is investigated in the
near-threshold regime, where the amplitude of the periodic signal is set slightly above the trigger threshold.
The trigger performances are shown, both theoretically and numerically, to be extremely sensitive to increasing
the noise correlation time. Noise-induced resonances are analyzed in some 8&668-651X98)07612-0

PACS numbegps): 05.40:+j, 85.30.De

[. INTRODUCTION We discriminate between two operating ST configura-
tions: (a) The subthresholdegimeA,<b. Under such a con-
A symmetric Schmitt triggefST) is a well-known elec- dition stochastic resonancéSR) is clearly observablé¢2];

tronic device[1] characterized by a two-state output and athe amplitudey(o) of the output harmonic component with
hysteretic loop(Fig. 1). The trigger output rests in state—as angular frequency) shoots up with increasing noise inten-
long as the input voltag®&/(t) is smaller than a threshold sjty ¢ until it reaches a maximum at=os and then dies
valueVy. As V(t) =V, the trigger switchegalmos} instan-  away for largefo values[3—5]. Stochastic resonance in a ST
taneously into thet state and sits there as long ¥ét) > is by now a well-established phenomeni@. (b) The su-
—Vy. Typically, the ST input is made up of two compo- prathresholdregimeA,>b. In this configuration the trigger
nents, whose amplitudes greatly depend on the experimentalyitches are tightly driven by the input modulatidft):
circumstances, namelgi) a noisy signal with zero mean and random failure events may occur due to the noise input com-
finite correlation time;(ii) one or more embedded periodic ponenté(t). A similar occurrence was predicted recently for
signals with arbitrary wave forms. In the following we con- 3 wide class of continuous bistable systems; its evidence is
sider input signalx(t) of the form
R,

X(t)=&(t)+f(t), (1.1
wheref(t) is a modulation with period o=27/Q and&(t) R,
is a Gaussian stationary noise with averdgét))=0 and

autocorrelation function _/\/\/\/ +
(£)&(0))=0%e U7, (12 )

Here, thef(t) standard deviatiowr is termed noise intensity v
and the quantityp = 0?7, the noise strength. The most com- @

mon choice for the periodic functiof(t) is the sinusoidal y
wave form A

N

f(t)=Aocoq Qt+ @), 1.3 Ym

whereg is any initial phase. A symmetric square wave form b

with amplitudeA, and periodT, provides an even simpler >
example of the modulation signét). The amplituded, is X
to be tuned with respect to thifexed trigger thresholdst b -b
(with b=0). With regard to the relevant time scales, we

assume) to be constant, while the noise correlation time > -y
may be varied at one’s convenience over the whole range b) m
(0@). The ST outpuy(t) is a symmetric dichotomic signal
with values*y,, chosen arbitrarily. Of course, the modu-  FIG. 1. (a) Circuit diagram of the ST. The threshdidis deter-
lation f(t) in the input signal1.1) drives a periodic compo- mined by the ratidR, /R,; (b) ST characteristic curve in the nota-
nent(y(t)) in the output with the same periott, . tion of Eq.(1.2).
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maximum for a certain value of the noise strength and the

term resonant trappingwas coined[7]. A closely related 0'08_
mechanism has been detected in the transient response 0.07
certain metastable devices, as well, and goes under the nan -

of noise-enhanced stabilif]. Finally, we recall that the ST 0.06
is just one particulatthough very popularcase of threshold I
device[9]; therefore, most of the results presented here are L
of wide applicability to the design and testing of switch de- ~3 004
vices. v i

0.05

0.03

Il. THE SUBTHRESHOLD REGIME 0.02 -

Assuming that the switching time is negligible compared 001 I
to all other circuit time scales, which is often the case, the

symmetric ST can be safely regarded dsisdable threshold 0007

device. In the limit ofweakforcing Ag<<b the switch statis-
tics is governed by one characteristic tirig(b) that, as
prescribed by the linear response theory, is independent o
the forcing amplitudeA,. At low noise a good choice for _
To(b) is represented by the mean first-passage (iiePT) e Eq.(25)
for £(t) to diffuse from, say, the lower-b to the upper 10°F ¢ — Eq.(26) 5
threshold+b. Indeed, under the additional condition that the b ]
trigger has switched state &t —b, this MFPT reproduces

(a)

well the mean residence time of the ST in thestate. Of 10°E
course, changing: with + does not affect our estimates of & :
To(b). Simple algebraic manipulatiof40,11] yield By

To(b) =277 f P dy~ r2m(alb)e" 2 (2.1)
0

with b=b/\202. The approximate equality holds in the

weak noise limitb>1 [6]. The opposite limit leads to T T

To(b)~1/o, but threshold crossings and trigger switches are o/b

not in as close coincidence as at low noise; hence the MFP1

from —b to +b and the switch time may differ12]. FIG. 2. (a) Subthreshold regiméy?(o)) (in units ofy2) versus

An alternate estimate of the switch tinig(b) can be ¢/b for different values ofr/ T, . The input-output parameters and
obtained as follows. We first imagine recording the input andr are expressed in dimensionless units, i%=10 andb=200.
output signal at time,; for instance,&(tg)=¢, andy(tg)  The approximate curv€2.3) is drawn for the smallesf) 7 value
= —y,. Then we computdy(b,&,), the MFPT for&(t) to  with To(b) given in Eq.(2.2) (dotted ling. Inset: decay ofy?(o))
diffuse from the starting poing, up to the thresholdt b. for o>b and the strong noise limit of Eq3.13 for a sinusoidal
Note that here no trigger switch is assumed@tlZ]. Re- modulation(dashed ling The Stltong noise limi>b is diSCUSS.ed
peating this procedure amounts to an additional average &f the end of Sec. Il A(b) The time constant(b) versuso/b in

To(b,&) with respect to & in the — state interval the absence of periodic forcing. The simulation outcome for two
—,b). The outcome of such a calculation is a switch time,values of the integration time steft is compared with the predic-
(=e.b) tions of Egs.(2.1) (dotted ling and(2.2) (solid line).
wNTo(b . 5 . .
To(b)=————=| e [1+d(x)]°dx, (2.2 which are postulated in Ref4] (see the Appendjx A

1+®(b)J = straightforward calculation for the asymptotic output auto-
correlation function 1)y(t'))as=(Y2(0))cogQ(t—t’

with d)(x)=(2/\/;)fée‘22dz, which coincides with the pre-  yje|ds YYD as= Y (o) cod (1))

diction of Eq.(2.1) for b>1 and approache¥,(b) = 7In2

for b<<1. [For details see Sec. Il A.

At low forcing frequencies SR occurs experimentally for
small to intermediate values of the noise inten§iyy Under
such restrictions the amplitudg o) of the fundamental pe- where u,(b)=duy(b)/db? and we=2/Te(b). We remark
riodic component of the ST output can easily be computed irthat Eqg.(2.3), as shown in the more general context of the
the two-state model approximation of Rp4]. In the present theory of susceptibility, applies to thginear response of
case, the weak periodic forciri@.3) can be viewed as just a any low-noise symmetric bistable syst¢8].
time modulation of the thresholds, namelyb—b. (t)= The numerical simulation results for a subthreshold ST
+bhF AgcosQt+¢). On substituting=b with b..(t) in Eq.  are displayed in Fig. 2. The simulation outcome and the two-
(2.1, we recover the same type of time modulated ratesstate model predictions could not be reconciled any better,

2 2 2 b
:y_m(Aob) wi(b) 2.3

(YAoN=(2YX )= "7 | Goy 2y
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300 . ; . ; - , . ' . ' (a) At the time t=0, when the forcing signal changes
- : sign, say, from— A, to Ay, we require that(0+)<—(Ag
b T —b). This condition occurs with probability
I ] —(Ag—b)
1L S A 1 Plé<—(Ap—Db)]= ﬁﬁ p(£)dé

0 = (U2P[E[>(A-b)]. (3.1

The noiseé(t) is not allowed to recross the boundary
—(Ap—Db) for a whole half forcing period, i.e., fot
<Tq/2, lest a switch event occurs anyway, though with time
delay. The failure probability decays exponentially with,

I ; the relevant time constaft; (b) being the average recross-
-300 . . ! . . . . . ! . ing time from &£(0), with £(0)<—(Ay—b) to —(Ay—Db).
0.032 0.034 0.036 0.038 0.040 0.042 Now we calculate the recrossing time constapfb) in a
1(s) symmetric ST. Let us assume thattatO the noiseé&(t)
. ) satisfies condition(a), that is, £(0)=¢&,<—(Ag—b). The
FIG. 3. Input-output schemésolid and dashed lines, respec- MEPT for &(t) to diffuse fromé, up to the absorbing bound-

tively) for a suprathreshold ST driven by a square wave with am-_ .., = ; __ ; A
plitude A;=201 and frequencyq,=Q/27=100 Hz. Thick dots ary = (Ao—b) (with ¢ =, a reflecting barrieris [10]

denote a switch event; empty dots denote a failure. 72 [—(Ag—b) dy (v
Ti(b,&)= —f —
1( 50 D & p(y) _wp

B .

. ) L (x)dx. (3.2
not even at smaller forcing amplitudes; note that in Fig) 2

we setAy/b=0.05, consistently with the linear response re-

quirementA,/b<(o/b)2. In Fig. 2b) the numerical results On introducing the definition of error functionb(x)
for To(b) are contrasted with the small noise approximation:(z/ﬁ)fge—zzdz, we obtain

(2.1) and our prediction2.2).

—(KO—H) 2
ll. THE SUPRATHRESHOLD REGIME Tu(b,&p)=7m - e [1+d(x)]dx, (3.9
0

In this configuration the forcing amplitudg, is taken to _ _
be larger than the threshaligl so that the switching dynamics With &= £&,/+202 andAy=Ay/+2a2. Finally, we take the
is driven by the forcing signal itself. This is certainly true at average ofT(b,&y) over & in the allowed range(—co,
low noise intensities, i.e., far<(Ay—b). On increasingr —(Ag—Dh)], i.e,
it might happen that, whem(t) crosses the uppegtower) (Aob) (Ao-b)

. . . - _ —(Ap— —\AoT

threshold, the noise signadl(t) is smaller tha_n (Ap—h) Tl(b):f p(§o)T17(b,§o)d§o/J p(£)déo.
[larger than Ay—Db)]. In such a case the switch event gets —w —w
frustrated, unlesg(t) recrosses the boundary(A,—b) [or (3.9
(Ap—b)] prior to the subsequent sign reversalféf). This i ,
mechanism, illustrated in Fig. 3 for the simple case of al "€ double integral of Eq3.4) can be approximated ana-
squarewave with amplitudd, and periodT,, describes a Iytically in two limits: for Ap—b>1 (small noisg,
noise-induced failure in the temporal sequence of the ST
switches. Tl(b) = T[O-/(AO_ b)]za (35)

A similar failure mechanism was observed first in a dy- — — )
namical system, namely, a quartic double-well potentia®nd forAg—b<1 (strong noisg
driven by a forcing term with an amplitude larger than its _ _ _
dynamical bistability thresholf?]: There, a frustrated switch Tu(b)=rlc;=cx(Ag=b)/ ], 3.6
is attributable to the fact that the finite escape time out of the . _ o x2rq 2y _
unstable well increases with noise at low intensities and i%N';[rr]'Z/\(/:l_ \/;foe [1-®(Pdx=In2 and c,=m/2
maximum for an optimal value of, hence the termmeso- T . o
nant trapping A ST is a threshold device and provides no fc.lomb'tmlgg E?S(?"l) and |(3'2) gives the probability that
proper trapping condition by itselho potential well is in- a lailure takes place, namely
volved); however, the failure mechanism predicted above U2PIEl> (An—b)lexd — (12T /T(b 3
may be viewed as the natural counterpart of resonant trap- (V2P[[€]>(Ao=b)Jexi ~ (12T /Ty(b)]. (3.7
ping in a continuous bistable system, which takes place fofrhe probability(3.7) vanishes folr— 0 and jumps to a hori-
long noise correlation timesstrong color limit [11]). To  zontal asymptote (1/2)exp(To/27) in the neighborhood of
investigate such a mechanism we consider the following twQ; — (A, —b). Most importantly, no resonant behavior is pre-
cases here: dicted.

On the other hand, the trigger input-outpmyinchroniza-
tion requires that a second condition hold true:

This is the case sketched in Fig. 3. The condition for a (b) At time t=0 whenf(t) flips sign, say, from—A, to
failure eventcan be stated as follows. Ag, a trigger switch takes place only under the additional

A. Square-wave signal
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restriction £(0—)<(Ap+b), that is, with probability . R
P[—(Ag—b)<&(0)<(Ap+b)]. As a matter of fact, we 10 poggeoooonnnann E
must exclude situations where in the following half forcing R \V:Z:V‘V‘V'va-v—v—v-v--v?s
period £(t) takes on values more negative tharfAy+b), ) s 1 DT
lest a spurious(noise-inducel switch occurs opposite in 0 ¢ B COCBEEESE SR T E
phase tof (t). The time constant of such a mechanism coin- : -----y*xiéwm,s&a:m&x- ~~~~~~~~~
cides with the MFPT foré(t) to diffuse from¢, in the in- I G e O, v
terval[— (Ag—b),+ ) down to — (Ay+b), namely, TOE | E
[ —o— axi0*
Ta(b s f " [ d 3.8 10'3- o E
2(b,&o) D) (agim) P(Y) )y p(x)dx. (3.8 ; —o- ;
[ —x— 10 ;0
Following the procedur¢(3.2—(3.4)] developed for calcu- 10*F O3
lating T1(b), we take the average ah(b, &,) over the start- el sl el
10 10 10 10 10 10

ing point &,=¢&(0) and identify two important limits,
namely, c/b

FIG. 4. Suprathreshold regimé&?(o)) (in units ofy?) versus

— O 1(Agtb 2 o/b for a square-wave signé(t) for several values of/T,. The
To(b)=7 ZW(AO—I—b ex;{z (0<Ag+D), other parameter values,=201, b=200, ando are expressed in
(3.9 dimensionless units. Theoretical predictions: the intermediate noise
plateau of Eq.(3.12 (dotted lineg, the strong noise limit of Eq.
Ta(b)=7[C1+CoA¢la+Cabla]  (o>Ag+h), (3.13 (dashed ling

(3.10 _
with T,(b) approximated by Eq.3.6). The first drop ofy(o)
with ;= \@/2+ In2/\/. at aroundo~ (Ap—b) is due toT,(b) leveling off to its
asymptoteT ;(b) =c, 7 [see Eqs(3.6) and(3.7)]. The plateau

In the strong color limit) 7> 1, the amplitude;T(a) of the : ; . i
output periodic component with angular frequer2ycan be dependence oithe dimensionless produetis remarkable:

computed explicitly within the framework of the two-state (Y*(¢))=(1/2)y*(0) is inversly proportional toQr for
model[4]. At variance with the subthreshold case of Sec. I1,{}7>1. This implies that very few synchronized switches
the transition rates between the states are conditioned by Occur in a ST driven by a strongly colored noise with
the trigger state at the time when the external modulatior?” (Ao—b). Analogsimulation confirmed this picture of the
f(t) reverses its sign. For instance, Itt) switch from  Suprathreshold ST response. In particular, fbe depen-
—Ag 10 Ag at timet=0. If y(0)=—y,,, thenT,(b) coin- dence of(y*(s)) in the plateau region, Eq3.12, proved
cides with the reciprocal of the transition rate from theto  tenable over three decades, i.e., for @ 7<1C°. This result
the + state; analogously[,(b) may be taken as the inverse IS rather surprising when compared with the more conven-
transition rate from ther to the — state. Note that fof+  tional SR predictior(2.3) for the subthreshold regime.

>1 the crossing mechanisms in opposite directions may be The second drop of(o) at aroundo~(Ay+b) can be
taken as statistically unrelated. A simple calculatisee the explained by noticing thal ,(b) approachesr,(b) for o
Appendix yields the asymptotic output autocorrelation func->(Aq+b) [see Egqs(3.6) and (3.10] and that(y*(o)) is

tion (y(t)y(t'))as=(y?(c))cogQ(t—t")], with proportional to the differenc&,(b) —T,(b) [see Eq(3.11)].
However, the resulting decay layy?(o))~ 1/ is at vari-
_ 1/ 4 2 T, -1, ance with the outcome of our simulatiofBigs. 4 and §
(y?(0))=(112y*(o) =—< —ym) . where(y?(o)) falls off apparently like 142. Such a discrep-
2\m V(T T, 12+ 02 ancy is amenable to the fact that the two-state model fails for

(3.1))  exceedingly large noise intensities<(A,+b) (see the Ap-
pendiX. As explained in item(b), the instantaneous switch
The factor 4,/ is the Fourier coefficient of the fundamen- probability from the — state to the+ state is given by
tal harmonic component of a periodic square wave with amP (g)=P[ — (Ayg—b) <£<(Ay+Db)]. For o>(Ay+b) the
plitude y, . probability Ps(o) may be approximated tg2/m(Ay/a). On
In the near-thresholdregime Aq—b+, Eq. (3.11) pre-  the other hand, at large noise intensities the trigger switches
dicts that the curveéy®(o)) versuso for large noise corre- are no longer controlled by the noise correlation time—note
lation times drop sharply ar~(Ag—Db) and o~(Ae+b)  hat T,(b)~T,(b) are vanishingly smal—whencg(o)
and flatten out in between, thus forming a plateau. We_ (4y,./7)Pg and
checked that the quantitative agreement with the numerical
simulation displayed in Fig. 4 is quite close. In the plateau

) 14 \2, 1(4 \?[Ag\? b)?
region (Ay—b)<o<(Ay+b), YoN=5 —Ym| Ps()~—{—ym| | 5| | 5] -
3.1
< i > 1( 4 2 1 , ( 3
y(o)=2 —Ym| /—m——x, (3.12  The strong noise limit3.13 of the curve(y?(o)) is drawn
2\ m V1+(QTy)? in both Figs. 4 and 5; since no appreciable dependence on
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FIG. 5. Suprathreshold regiméy?(c)) (in units ofy?2) versus FIG. 6. Suprathreshold regiméy?(c)) (in units ofy}) versus

o/b for the sinusoidal forcing. The values 6fr, A,, andb are the  o/b for different values ofr/ T, ; the effects of sinusoiddbquarep

same as in Fig. 4. The asymptotic cuf@13), with the substitution ~ and square-wave signaiét) (circles with the same amplitude and

A2 A2/2, is drawn for comparisofdashed ling frequency are compared. All other parameter values are the same as
in Figs. 4 and 5.

the input parameters, () and the modulation wave form o o ]

was detected, one can conclude that such a law is universafl® noise intensityr, it may happen that a switch event gets

The o> (Ao+b) limit for the subthreshold setup of the ST is a@nticipated in time a$(t) approaches:b from subthreshold

shown in the inset of Fig. (). values. Analogously, the failure conditiq@) must hold a
On passing we remark that a similar argument would leadittle longer, since a recrossing could also occur at times

to a simple estimate fofy?(o)) in the “white noise” limit ~ When|f(t)| is smaller than but close tw In other words, the
Q7—0, namely time interval whenf (t) acts effectively as a suprathreshold

signal increases with the noise intensity. This amounts to

1/ 4 2 1/ 4 2 Ao lowering the crossing levdd by a quantity of the order af.
(y*(o))= —(—ym) P2(|¢|=Ag) = —(—ym) d , As a consequenceéy?(o)) increases slowly withr within
2\m 2\ 202 the plateau regionX,—b)<o<(Ag+b).
(3.14 This argument can be worked out on more quantitative
o . ) grounds. The input signa{(t) of Egs.(1.)—(1.3) satisfies
which is valid throughout the: domain. the stochastic differential equation
B. Sinusoidal signal x=—XI7+ (1) 7= (Ag/ TIN1+ (Q7)SiNQt+ p— @),
When the ST is pumped by the suprathreshold signal (3.19

(1.3, the relevant curvegy*(o)) versuso show a shallow where tag=(Q7) ! and 5(t) denotes a zero-mean-valued
minimum instead of the plateau described in Sec. Il A. ThisGaussian noise with autocorrelation functigm(t) 7(0))

is Cleal’ly illustrated by the numerical simulation of Flg 5, :20-27-5(]:)_ At variance with the Steady-state approxima-
where the parameter valuég, b, 7 and() are the same as tion of Sec. Il, in the strong color regim@7>1 the inten-

in Fig. 4, the only difference being thit) wave form. In sty of the noise and of the sinusoidal signal becomes com-
Fig. 6 curves from Figs. 4 and 5 are displayed for the sake Oharaple  for o/A,~\Qr7. Hence, the reentrant
comparison. The local maximum ofy*(s)) at o~(A;  synchronization phenomenon in a near-threshold ST must be

+b) bears a_certain res_emblance to the resonant trappingstricted to noise intensities such thdd 7< o/ Ag<2, con-
phenomenon introduced in R¢7]; here, however, the reen- gjstently with the results of Fig. 6.

trant input-output synchronization is sensitive to the continu-
ous wave form of the modulatiof(t). Indeed, the overall
failure mechanism of Sec. IllA could be extended to the
present case, though at the price of rather involved algebraic We have investigated color effects in a symmetric Schmitt
manipulations. It is no surprise that with the same choice ofrigger pumped by both a time-correlated noise and a peri-
parameter valuesy?(o)) for a sinusoidal modulatioffi(t) odic signal. Color effects become conspicuous in the near-
is smaller than for the relevant square wave drive: the correthreshold regime, namely when the amplitude of the periodic
sponding failure probability is larger than our estiméder) signal is set slightly above the trigger threshold. The ampli-
because the failure conditiga) must hold now for the time tude of the periodic output component falls off with increas-
interval (2£))arcosp/Ag), much shorter thaif /2. ing the noise intensity. For long noise correlation times the
The reentrant synchronization mechanism can be qualitarigger output drops first at a noise intensity of the order of

tively explained as follows. Far<(Ay—Db) a trigger switch  the above-threshold component of the periodic signal and,
occurs only afterf(t) has crossed the levetsb. On raising  eventually, drops to zero for a noise intensity larger than the

IV. CONCLUSIONS
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threshold itself. For short correlation times the low-noise (b) Suprathreshold regimés explained in Sec. Il A, for
output drop is inhibited. In the region in between the trigger() =1 our estimates for the suprathreshold transition rates
output may peak if driven by a continuous wave fomaso- W (t) areconditionedby the trigger outpuy(t) itself. Let
nant trapping with forcing period of the order of the noise Y(to)=—ym att=ty whenf(t) switches from— A, to Ag;
correlation time. These properties of the trigger respons#en, in the notation of Ref4],
amount to a noise-induced saturation effect, which would W ([ = Yo oto]) = T; X(b)
take place in a switch device at high forcing frequencies, + Ym:to 2 '

W_(tl[ = Ym ta) =T7 *(b). (A3)

even under thed hocassumption of instantaneous switches.
The adiabatic assumption fails f6YT,(b)>1 andQT,(b)

o . >1, i.e., foro>(Ay+b). The output autocorrelation func-
Our derivation of Egs(2.3) and (3.12 follows directly  tion (y(t)y(0)) must be defined so as to account for the

the standard treatment of the two-state model summarized iflon-Markovian nature of the problem. The appropriate defi-
Ref. [4]. To help the reader rederive our results we nownition in the present case is

make an explicit connection with McNamara-Wiesenfeld no-
tation [4].
(a) Subthreshold regimélere we have

(A2)

APPENDIX

<y(t1)y(to)>=f dyoYoP(Yo.to)(Y(t1)|[Yo.tol), (A4)

W. (1) =T, [b*Ascog Qt)], (A1)

whenceay=1/Ty(b). [Note thatay is half the switch rate
no(b) of Sec. Il A] Due to the Markovian assumptidi 7

where(y(t)|[Yo,to]) is the conditional mean of(t) given
that y(tg)=yo for to<t. In Eq. (A4) p(yo.tg)=dlYo
—Vy(tg)] andy(ty) is a square-wave with amplitudg, and
period T, in phasewith f(t). Following Ref.[4] we now

<1 implicit in Eqg. (A1), the ratesW. (t) depend on the
system configuration at tintealone(adiabatic or steady-state
approximation.

take the limitt,,to—o for t;—tg=t fixed. On averaging
over the initial phase of the forcing signg(t), we finally
obtain Eq.(3.12.
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